Abstract. With direct and simple proofs, we establish Poincaré type inequalities (including Poincaré inequalities, weak Poincaré inequalities and super Poincaré inequalities), entropy inequalities and Beckner-type inequalities for non-local Dirichlet forms. The proofs are efficient for non-local Dirichlet forms with general jump kernel, and also work for L p (p > 1) settings. Our results yield a new sufficient condition for fractional Poincaré inequalities, which were recently studied in [7, 6] . To our knowledge this is the first result providing entropy inequalities and Becknertype inequalities for measures more general than Lévy measures.
Introduction and Main Results
The question of obtaining Poincaré-type inequalities (or more generally entropy inequalities) for pure jump Lévy processes was studied in the last decades, e.g. see [1, 10, 2] . In particular, it was proved by [10, Corollary 4.2] and [2, Theorem 23 ] that (1.1) Ent
and D Φ is the so-called Bergman distance associated with Φ:
where µ is a rather general probability measure and ν µ is the (singular) Lévy measure associated to µ. By setting Φ(x) = x 2 and Φ(x) = x log x, Ent Φ µ (f ) becomes the classical variance Var µ (f ) and entropy Ent µ (f ) respectively, and so (1.1) yields the Poincaré inequality and the entropy inequality for the choice of measure (µ, ν µ ). Note that either one of the measures µ and ν µ in (1.1) uniquely specifies the other, and so this is a strong constraint to study functional inequalities for general nonlocal Dirichlet forms. The first breakthrough in this direction was established in [7] by using the methods from harmonic analysis, and then was extended in [6] to L p weighted Poincaré inequalities and generalized logarithmic Sobolev inequalities in an abstract situation.
Let V be a locally bounded measurable function on R d such that e −V (x) dx = 1; that is, µ V (dx) := e −V (x) dx is a probability measure on R d . The main result in [7] (see [7, Theorem 1.2] ) states that, if V ∈ C 2 (R d ) such that for some constant ε > 0,
then there exist two positive constants δ and C 0 such that for all
According to the paragraph below [7, Remark 1.3] , (1.2) is natural in the sense that: we should regard the measure |y − x| −(d+α) e −δ|y−x| dy as the Lévy measure, and µ V (dx) as the ambient measure. Namely, D α,V,δ does get rid of the constraint of (µ, ν µ ) in (1.1), and it should be a typical example in study functional inequalities for non-local Dirichlet forms. This leds us to consider the Dirichlet form (D ρ,V , D(D ρ,V )) as follows. Let ρ be a strictly positive measurable function on (0, ∞) such that 
We first state the main result for Poincaré type inequalities of (D ρ,V , D(D ρ,V )). 
then the following Poincaré inequality
holds.
(2) For any probability measure µ V , the following weak Poincaré inequality
: w(x) + w(y) ρ(|x − y|) .
Then the following super Poincaré inequality
holds with
+ s r and t, s > 0 , where for any t > 0,
s and u > 0
To illustrate the power of Theorem 1.1, we will consider the following examples.
dx with ε > 0, and ρ(r) = r −(d+α) with α ∈ (0, 2). 
for some constant c 2 > 0. According to [9, Corollary 1.2], we know that all the conclusions above are optimal.
dx with ε ∈ R, and ρ(r) = r −(d+α) with α ∈ (0, 2). By [9, Corollary 1.3] , all the conclusions above are also sharp.
−λ|x| dx with λ > 0, and ρ(r) = e −δr r −(d+α) with δ 0 and α ∈ (0, 2). Therefore, if λ > 2δ, then the super Poincaré inequality (1.7) holds with β(r) = c 5 1 + r
for some constant c 5 > 0. In particular, the Poincaré inequality (1.4) holds. Note that, this conclusion can not be deduced from [7, Theorem 1.1], see also the statement before (1.2).
Next, we turn to study entropy inequalities and Beckner-type inequalities for
Theorem 1.5. Suppose that (1.3) is satisfied. Then the following entropy inequality
holds for all f ∈ D(D ρ,V ) with f > 0; and moreover, the following Beckner-type inequality also holds: for any p ∈ (1, 2] and f ∈ D(D ρ,V ) with f 0,
The entropy inequality (1.8) and Beckner-type inequality (1.9) are stronger than the Poincaré inequality (1.4) (To see this, one can apply these inequalities to the function 1 + εf and then take the limit as ε → 0). Clearly, the Beckner-type inequality (1.9) reduces to the Poincaré inequality (1.4) if p = 2, whereas dividing both sides by p − 1 and taking the limit as p → 1 we obtain the entropy inequality (1.8). As mentioned in the remarks below (1.2), comparing Theorem 1.5 with (1.1) the improvement is due to that we do not impose any link between the measure µ V (dx) on x and the singular measure ρ(|z|) dz on z = y−z. This is to our knowledge the first result that gets rid of the strong constraint for entropy inequalities and Beckner-type inequalities of non-local Dirichlet forms.
with ε > 0, and ρ(r) = r −(d+α) with α ∈ (0, 2).
(1) If ε α, then, according to Theorem 1.5, the entropy inequality (1.8) and Beckner-type inequality (1.9) hold with c = 
, it fulfills the entropy inequality (1.8) and the Beckner-type inequality (1.9), but not the super Poincaré inequality (1.7).
Proofs of Theorems and Example 1.2
Proof of Theorem 1.1.
On the other hand, by (1.3), we find that
which, along with (2.10), yields the required assertion.
(2) According to (2.10), for any s > 0 and f ∈ D(D ρ,V ),
The desired assertion follows from the definition of α.
This implies that
Thus, by (1.6), we arrive at
Next, we will follow the proof of [3, Proposition 1.6] to obtain the super Poincaré inequality from (2.11). We first claim that µ V (ω) < ∞. In fact, let C 
Since the function ω is bounded on {x ∈ R d : |x| 1}, {|x| 1} ω(x) µ V (dx) < ∞. Combining both estimates above, we prove the desired claim.
For any t > 1 large enough and f ∈ D(D ρ,V ), by (2.11), we have {|x| t}
where the second inequality follows from the inequality that for any a, b ∈ R, a 2 2(a − b) 2 + 2b 2 . On the other hand, Lemma 2.1 below shows that the local super Poincaré inequality {|x| t}
holds for any t > 1 and f ∈ D(D ρ,V ).
Combining both estimates above, we get that for t > 1 large enough and any f ∈ D(D ρ,V ),
This, along with lim |x|→∞ ω(x) = ∞ and the definition of β, yields the required super Poincaré inequality.
For the local super Poincaré inequality (2.12) in part (3) of the proof above, we can see from the following Lemma 2.1. For any f ∈ D(D ρ,V ) and r > 0, we have
where f (z) dz, x ∈ B(0, r).
We have
and
Thus,
Therefore, for any f ∈ D(D ρ,V ) and 0 < s r, by Jensen's inequality,
(2) According to the inequality above, for any f ∈ D(D ρ,V ) and 0 < s r,
The desired assertion for the case 0 < s r follows from the conclusion above and the definition of β r .
(3) When s > r, by (2),
The proof is completed.
We present the following two remarks for the proof of Theorem 1.3.
(1) The proof above is efficient for the following more general non-local Dirichlet form
where j is a Borel measurable function on R 2d \ {(x, y) ∈ R 2d : x = y} such that j(x, y) > 0 and j(x, y) = j(y, x). See [3, Section 2] for details.
(2) The argument above also works for L p (p > 1) setting. For instance, it can yield the statement as follows. If (1.3) holds, then the following L p -Poincaré inequality
holds, where
and L p (µ V ) denotes the set of Borel measurable functions f on
The proof is based on the argument of Theorem 1.1 (1) and the fact that for any f ∈ L p (µ V ),
due to the Hölder inequality. The readers can refer to [5] for related discussion about L p -Poincaré inequalities of local Dirichlet forms. 
(2.13)
Next, following the argument of Theorem 1.1 (1), we can obtain that under (1.3), for any f ∈ D(D ρ,V ) with f > 0,
which, along with (2.13), completes the proof of the inequality (1.8).
(b) For any p ∈ (1, 2], f ∈ D(D ρ,V ) with f 0, by the Hölder inequality,
(2.14)
Therefore, the desired Beckner-type inequality (1.9) follows from (2.14) and the following fact
where we have used (1.3) again.
To close this section, we present Sketch of the Proof of Example 1.2. In this setting,
By the C r -inequality, for any x, y ∈ R d and ε > 0,
(a) For any ε α,
Combining it with Theorem 1.1 (1), we get the first assertion.
(b) For any ε < α,
Then, choosing s = cr −1/ε in the definition of α, we arrive at the second assertion. (c) For any ε > α, (1.6) holds with ω(x) = c 1 (1 + |x|) ε−α , and
Then, the third assertion follows from the definition of β by taking s = c 3 r and t = c 4 r −1/(ε−α) .
Applications: Porous media equations
Functional inequalities for non-local Dirichlet forms appear throughout the probability literature, and also are interesting in analysis, e.g. see references in [7, 6] . This section is mainly motivated by [4, 8] , t 0, µ V (f ) = 0.
Proof. The argument of Theorem 1.5 gives us that, under (1.3) for any m > 1 and f ∈ D(L ρ,V ) with µ V (f ) = 0,
Now, let f be a function such that µ V (f ) = 0. Then, by the definition of the solution to the equation (3.15), µ V (T t f ) = 0 for all t 0. According to (3.16), we obtain that dµ V (T t f )
where in the inequality we have used the Hölder inequality. The required assertion easily follows from the inequality above.
